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Abstrat
Neutrino emission aused by Cooper pairing of baryons in neutron
stars is realulated by aurately taking into aount for onservation of
the vetor weak urrent. The vetor urrent ontribution to the neutrino
emissivity is found to be several orders of magnitude smaller than that
obtained before by dierent authors. Therefore, the neutrino energy losses
due to singlet-state pairing of baryons an in pratie be negleted in
simulations of neutron star ooling. This makes negligible the neutrino
radiation from pairing of protons or hyperons. The neutrino radiation
from triplet pairing takes plae through axial weak urrents. For these
states, when the total momentum projetion is mj = 0, the vanishing
of the vetor weak urrent ontribution results in the suppression of the
neutrino energy losses by about 25%. The neutrino emissivity due to
triplet pairing with |mj | = 2 is suppressed by about a fator of 3, aused by
the olletive ontribution of spin-density utuations in the ondensate.
1 Introdution
Thermal exitations in superuid baryon matter of neutron stars, in the form
of broken Cooper pairs, an reombine into the ondensate by emitting neu-
trino pairs via neutral weak urrents. The neutrino energy losses aused by the
pairing of neutrons in a singlet state was rst alulated by Flowers et al. [1℄
and reprodued by other authors [2℄, [3℄. Yakovlev et al. [3℄ have also onsid-
ered the neutrino energy losses in the ase of neutron pairing in a triplet state.
Jaikumar & Prakash [4℄ have generalized this mehanism to superonduting
quark matter. The neutrino energy losses due to pairing of hyperons [5℄, [6℄ are
also disussed in the literature as possible ooling mehanisms for superdense
baryoni matter in neutron stars. Nowadays, these ideas are widely aepted
and used in numerial simulations of neutron star evolution [7℄, [8℄, [9℄. Never-
theless, the existing theory of neutrino radiation from Cooper pairing of baryons
1
(quarks) in neutron stars rises some questions beause, as we show below, it is
inonsistent with the hypothesis of onservation of the vetor urrent in weak
interations.
Let us reall shortly the main steps in the above alulations. The low-
energy Lagrangian of the weak interation may be desribed by a point-like
urrent-urrent approah. For interations mediated by neutral weak urrents,
it an be written as
1
Lvac = GF
2
√
2
JµBlµ. (1)
Here GF is the Fermi oupling onstant, and the neutrino weak urrent is given
by lµ = ν¯γµ (1− γ5) ν. The vauum weak urrent of the fermion (baryon or
quark) is of the form Jµ = ψ¯ (CV γµ − CAγµγ5)ψ, where, ψ represents the
fermion eld, and the weak vertex inludes the vetor and axial-vetor terms
with the orresponding oupling onstants CV and CA.
Sine relativisti alulations are more ompliated and less transparent,
we onsider the nonrelativisti ase, typial for superuid baryon matter in
neutron stars. Then, the nonrelativisti limits for the baryon operators are
ψ¯Bγ
0ψB → Ψˆ+BΨˆB, ψ¯Bγiγ5ψB → Ψˆ+BσˆiΨˆB, all others being zero. Here ΨˆB is
the seond-quantized nonrelativisti spinor wave funtion, and σˆi are the Pauli
matries.
The proess is kinematially allowed due to the existene of a superuid
energy gap ∆, whih admits the transition with time-like momentum transfer
K = (ω,k), as required by the nal neutrino pair. We have ω > 2∆ and ω > k .
The emissivity for neutrino pairs due to reombination of baryon quasi-partile
exitations in the singlet state is then
2
Q =
(
GF
2
√
2
)2
C2V
∫
d3pd3p′
(2π)
8 f (ǫp) f (ǫp′)
∫
d3k1
2ω1
d3k2
2ω2
ω |MB|2 |Mν |2
×δ (p+ p′ − k) δ (ǫp + ǫp′ − ω) . (2)
Here ω = ω1+ω2 and k = k1+k2 are the energy and momentum arried out by
the freely esaping neutrino pair, and f (ǫp) is the Fermi distribution funtion
of the quasi-partiles with energy ǫp, as given by Eq. (17). The neutrino matrix
element is of the standard form |Mν |2 = 8 (ω1ω2 − k1k2). Therefore, the rele-
vant input for this alulation is the reombination matrix element between the
baryon state, whih has a pair of quasi-partile exitations of momentum-spin
labels (p, up;p′, down), and the same state but with these exitations restored
to the ondensate. To the leading (zero) order in k ≪ pF , this matrix element
is usually estimated as
|MB|2 = ∆
2
ǫ2p
(3)
yielding the following neutrino energy losses at temperature T < Tc.
QFRS
(
1S0
)
=
4G2F pFM
∗C2V
15π5
NνT 7y2
∫ ∞
0
z4dx
(ez + 1)2
, (4)
1
In what follows we use the Standard Model of weak interations, the system of units ~=
c = 1 and the Boltzmann onstant kB = 1. The ne-struture onstant is α = e
2/4pi = 1/137.
2
In the ase of
1S0 pairing, the total spin of the Cooper pair is zero, and the axial ontri-
bution vanishes in the nonrelativisti limit.
2
whereM∗ is the eetive nuleon mass, y = ∆/T , z =
√
x2 + y2, and Nν = 3 is
the number of neutrino avors. Tc is the ritial temperature for baryon pairing.
The naive estimate (3) is inonsistent with the hypothesis of onservation of
the vetor urrent in weak interations. Indeed, a longitudinal vetor urrent
of quasi-partiles onsisting only on a temporal omponent an not satisfy the
ontinuity equation.
The question of onservation of the longitudinal vetor urrent aused by
reombination of quasi-partiles has been disussed by many people [10℄ in on-
netion with the gauge invariane of the Bardeen-Cooper-Shrieer theory of
superondutivity. It was realized that the urrent onservation ould be re-
stored if the interation among quasi-partiles is inorporated in the oupling
vertex to the same degree of approximation as the self-energy eet is inluded
in the quasi-partile. It has been also pointed out that there is signiant dier-
ene between the transverse and longitudinal urrent operators in their matrix
elements. Namely, there exist olletive exited states of quasi-partile pairs
[11℄, [12℄ whih an be exited only by the longitudinal urrent. As a result,
the spatial part of the longitudinal urrent does not vanish, and anels the
temporal part.
In the present paper we realulate the neutrino energy losses with allowane
for onservation of the weak vetor urrent. The paper is organized as follows.
In setion 2 we shortly disuss the Nambu-Gorkov formalism as a onvenient
desription of the partile-hole exitations in the system with pairing. The
wave funtions of the quasi-partile exitations are obtained in setion 3. In
setion 4 we derive an eetive vertex onserving the vetor weak urrent for
neutral and harged baryons. In setion 5 we use the quasi-partile states for
the alulation of the matrix element of the eetive vetor weak urrent, and
the neutrino energy losses in the vetor hannel. The neutrino energy losses
in the axial hannel are alulated in setion 6. A disussion of the obtained
results and our main onlusions are presented in setion 7.
2 Formalism
In the Nambu-Gorkov formalism, the quasi-partile elds are represented by
two-omponent objets
Ψp =
(
ψ1 (p)
ψ†2 (−p)
)
(5)
ψ1 (p) is the the quasi-partile omponent of the exitation with momentum p
and spin σ, and ψ†2 (−p) is the hole omponent of the same exitation, whih an
be interpreted as the absene of a partile with momentum −p and spin −σ.
The two-omponent elds (5) obey the standard fermion ommutation relations
{Ψp,σ,Ψp′,σ′} = δσ,σ′δp,p′ .
With the aid of the 2× 2 Pauli matries
τˆ1 =
(
0 1
1 0
)
, τˆ2 =
(
0 −i
i 0
)
, τˆ3 =
(
1 0
0 −1
)
(6)
operating in the partile-hole spae, the Hamiltonian of the system of quasi-
partiles an be reast as [12℄
H = H0 +H1,
3
where
H0 =
∑
p
Ψ†p
(
ξpτˆ3 + Λˆ (pˇ)
)
Ψp (7)
is the BCS redued Hamiltonian, where the nonrelativisti energy is measured
relatively to the Fermi level
ξp ≡ p
2
2M∗
− µ,
M∗ is the eetive mass of the quasi-partile and µ is the Fermi energy. The
quasi-partile self-energy, of the form
Λˆ (pˇ) ≡
(
0 Dˆ (pˇ)
Dˆ† (pˇ) 0
)
, (8)
is a 2×2matrix in the Nambu-Gorkov spae, and a 2×2matrix in the spin spae,
whih depends on the orientation of the quasi-partile momentum pˇ = p/ |p|
(see e.g. [15℄).
The residual interation among quasi-partiles is given by the following
Hamiltonian
H1 =
1
2
∑
p,p′
Vpp′ (q)
(
Ψ†p+q τˆ3Ψp
)(
Ψ†p′−q τˆ3Ψp′
)
.
As follows from the Hamiltonian (7), the inverse of the quasi-partile prop-
agator has the simple form:
i G−1 (p) = p0 − ξpτˆ3 − Λˆ (pˇ) (9)
3 Quasi-partile states
Near the Fermi-surfae, the imaginary part of the quasi-partile energy is small.
Therefore, to the extent that the single-partile piture makes some physial
sense, we will desribe the quasi-partiles with the aid of wave-funtions. The
states of quasi-partiles obey the equation
G
−1Ψp = 0. (10)
Writing Ψp in the form
Ψp ≡ 1√
N
(
α
β
)
(11)
with α and β being two-omponent spinors, we arrive to the following set of
matrix equations
(p0 − ξp)α− Dˆβ = 0
Dˆ†α− (p0 + ξp)β = 0
From the seond equation we have
α = (p0 + ξp)
(
Dˆ†
)−1
β (12)
4
By substituting this into the rst equation and multiplying Dˆ† from the left, we
obtain (
p20 − ξ2p − Dˆ†Dˆ
)
β = 0 (13)
This equation has nontrivial solutions only if
det
∣∣∣p20 − ξ2p − Dˆ†Dˆ∣∣∣ = 0. (14)
In the interesting ases of singlet- and triplet-state pairing we are going to
onsider, the gap matrix Dˆ is proportional to the unitary matrix Υˆ (pˇ)
Dˆ (pˇ) = ∆pˇΥˆ (pˇ) (15)
with ∆pˇ
a salar funtion [15℄, so that
Υˆ†Υˆ = 1 (16)
Eq. (14) then gives us the eigenvalues
p0 = ±ǫp, ǫp ≡
√
ξ2p +∆
2
pˇ (17)
with
∆2pˇ =
1
2
TrDˆ†Dˆ (18)
Using the fat that Eq. (13) is diagonal, we may hoose two independent
solutions for β as the ordinary spinors:
β±1 = χ↑ ≡
(
1
0
)
, β±2 = χ↓ ≡
(
0
1
)
(19)
Here, the upper sign orresponds to the positive- or negative-frequeny solution,
in aordane with Eq. (17). The α-omponent of these solutions is to be found
from Eq. (12).
From Eq. (15), we obtain(
Dˆ†
)−1
= ∆−1pˇ Υˆ (pˇ)
Substitution this into Eq. (12) gives
α±i = ∆
−1
pˇ (±ǫp + ξp) Υˆβi (20)
Making use of Eqs. (19), (20) we an nd the normalized wave funtions.
The positive-frequeny states an be written as
Ψp,σ =
1√
N
(
∆−1pˇ (ǫp + ξp) Υˆχσ
χσ
)
eipr−iǫpt. (21)
The fator 1/
√
N , in Eq. (11) is to be found from the normalization ondition
Ψ†pΨp = 1. A diret evaluation making use of Eq. (16) yields
1√
N
=
√
ǫp − ξp
2ǫp
.
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Inorporating this fator into Eq. (21) we obtain the positive-frequeny eigenstates
Ψp,σ =
(
upΥˆχσ
vpχσ
)
eipr−iǫpt (22)
with
up =
√
ǫp + ξp
2ǫp
, vp =
√
ǫp − ξp
2ǫp
. (23)
The negative-frequeny wave-funtions an be obtained in the same way. The
state with momentum p and spin-label σ has the form
Ψ−p,−σ =
( −vpΥˆχ−σ
upχ−σ
)
e−ipr+iǫpt (24)
This solution is onneted to the hole state by the partile-antipartile onju-
gation
C : ΨC = CΨ† = τˆ2Ψ
†.
whih hanges quasi-partiles of energy-momentum (p0,p) into holes of energy-
momentum (−p0,−p), or interhanges up-spin and down-spin partiles.
It is neessary to note that, in general, Ψp,σ is not an eigenstate of the
spin projetion, beause the upper omponent ∝ Υˆχσ is a linear ombination of
dierent spin states. The label σ indiates only the spin funtion of the lower
omponent, and serves for identiation of the quasi-partile states.
4 Eetive vertex for quasi-partiles
4.1 Neutral baryons
The omponents of the bare vertex
γµ =
{
τˆ3 if µ = 0,
1
M∗
p if µ = i = 1, 2, 3
. (25)
are 2×2matries in the Nambu-Gorkov spae. As already mentioned, the longi-
tudinal urrent orresponding to the bare vertex does not satisfy the ontinuity
equation. To restore the urrent onservation, one must onsider the modia-
tion of the vertex γµ to the same order as the modiation of the propagator
is done. The relation between the modied vertex Γµ and the quasi-partile
propagator (9) is given by the Ward identity [13℄
KµΓ
µ (p′, p) = τˆ3 G
−1 (p)− G−1 (p′) τˆ3, (26)
where K = (ω,k) is the transferred momentum. The plane wave solutions
up,α exp (ipr− iǫpt) , u∗p′,α′ exp (−ipr+ iǫpt)
for Ψ and Ψ+ obey the equations G−1 (p)up,α = 0, and u
∗
p′,α′ G
−1 (p′) = 0.
Therefore the Ward identity implies onservation of the vetor urrent on the
energy shell of the quasi-partiles.
6
3τ
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+=
Figure 1: Dyson equation, in the ladder approximation, for the eetive vertex.
Solid lines stand for dressed partiles, and the dashed line represents the Z-boson
eld. The wavy line aounts for the residual interation among quasi-partiles.
Following the presriptions of quantum eletrodynamis, an approximation
whih satises the Ward identity (and hene the ontinuity equation) is the sum
of ladder diagrams satisfying the Dyson equation shown in Fig. 1.
In these diagrams, all solid lines are "dressed" partiles, and the dashed line
is the Z-boson eld. The "dressed" partiles interat with the same primary
interation Vpp′ whih produes the self-energy of the quasi-partile. Thus, for
K = p− p′, the orreted vertex satises the integral equation
Γµ (p−K, p) = γˆµ (p−K, p) (27)
+i
∫
d4p′
(2π)
4 τˆ3 G (p
′ −K) Γµ (p′ −K, p′) G (p′) τˆ3Vpp′
In the limit K = (ω,0), the Ward identity gives
Γ0 (p−K, p) = τˆ3 − 2
ω
τˆ3Λˆ (pˇ)
with
τˆ3Λˆ (pˇ) =
(
0 Dˆ (pˇ)
−Dˆ† (pˇ) 0
)
(28)
The poles of the vertex funtion orrespond to olletive eigen-modes of the
system. Therefore, the pole whih appears at ω → 0, k = 0 implies the existene
of a olletive mode, whih plays an important role in the onservation of the
vetor urrent. The orresponding nonperturbative solution to Eq. (27) has
been found by Nambu [12℄ (see also [14℄). In our notation, it reads
3
Γ0 (p−K, p) = τˆ3 − 2τˆ3Λˆ (pˇ) ω
ω2 − a2k2 (29)
Γ =
p
M
− 2τˆ3Λˆ (pˇ) a
2k
ω2 − a2k2 , (30)
The poles in this vertex orrespond to the olletive motion of the ondensate,
with the dispersion relation ω = ak, where a2 = V 2F /3.
The eetive vertex satises the Ward identity (26), and thus the ontinuity
equation on the energy shell
ωΓ0 − kΓ ≃ 0 (31)
3
To obtain the weak vetor urrent, this vertex should be multiplied by the weak oupling
onstant CV .
7
Γ V  C
= +
ΓΓ~ Γ~
Figure 2: Dyson equation for the vertex orretion for harged quasi-partiles
(ompare with Fig. 1). The shaded areas represent the modied eetive vertex,
and the wavy line stands for the Coulomb interation.
Indeed, by making use of ω = ǫp + ǫp′ and k = p + p
′
with k ≪ p ≃ pF ,
the left-hand side of this equation an be redued to the right-hand side of the
Ward identity (26).
4.2 Charged baryons
Consider now the ase when quasi-partiles arry an eletri harge. Inluding
the long-range Coulomb interation VC (k) = e
2/k2 implies that the vertex part
is multiplied by a string of losed loops, whih represents the polarization of
the surrounding medium. In this ase, the new vertex Γ˜µ an be found as
the solution of the Dyson equation, aording to the diagram of Fig. 2. or,
analytially
Γ˜µ (p−K, p) = Γµ (p−K, p)− Γ0 (p−K, p)VC (k)
×i
∫
d4p′
(2π)
4 Tr
[
τˆ3 G (p
′ −K) Γ˜µ (p′ −K, p′) G (p′)
]
(32)
The integral
Π˜0µ (K) ≡ i
∫
d4p′
(2π)
4 Tr
[
τˆ3 G (p
′ −K) Γ˜µ (p′ −K, p′) G (p′)
]
(33)
in the r.h.s. of Eq. (32) represents the Π˜0µ omponent of the polarization tensor
shown by the loop in Fig. 2. Introduing also the notation
Π0µ (K) ≡ i
∫
d4p′
(2π)
4 Tr [τˆ3 G (p
′ −K) Γµ (p′ −K, p′) G (p′)]
Eq. (32) an be reast as follows
Π˜0µ (K) = Π0µ (K)− VC (k)Π00 (K) Π˜0µ (K) .
We then obtain
Π˜0µ (K) =
Π0µ (K)
1 + VC (k)Π00 (K)
.
Combining this with Eqs. (32), (33) yields
Γ˜µ (p−K, p) = Γµ (p−K, p)
(
1− VC (k)Π
0µ (K)
1 + VC (k)Π00 (K)
)
.
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In partiular, for Γ0 we arrive to4
Γ˜0 (p−K, p) = Γ
0 (p−K, p)
1 + VC (k)Π00 (K)
. (34)
The polarization funtion Π00 (K) an be readily alulated with the help
of Γ0 given by Eq. (29). By negleting the small dependene of the energy gap
on the transferred momentum k, we have
Π00 (K) = i
∫
d4p′
(2π)
4 Tr [τˆ3 G (p
′ −K) τˆ3 G (p′)]
− 2ω
ω2 − a2k2 i
∫
d4p′
(2π)4
Tr
[
τˆ3 G (p
′ −K) τˆ3Λˆ (p′) G (p′)
]
.
Here the quasi-partile propagator follows from Eq. (9):
G (p) =
i
p20 − ǫ2p
(
p0 + ξpτˆ3 + Λˆ (pˇ)
)
(35)
Performing the trae over partile-hole and spin indies, and integration over
p0, results in the following expression
Π00 (ω,k) =
∫
2d3p
(2π)
3
ωǫp−k −∆2pˇ − ξpξp−k − ǫ2p−k − a2k2
(
ω2 − a2k2)−1 2∆2pˇ
ǫp−k (ω − ǫp − ǫp−k) (ω + ǫp − ǫp−k)
+
∫
2d3p
(2π)
3
−ωǫp −∆2pˇ − ǫ2p − ξpξp−k − a2k2
(
ω2 − a2k2)−1 2∆2pˇ
ǫp (ω + ǫp + ǫp−k) (ω − ǫp−k + ǫp)
We are interested in the regime dened by
k < ω, ω > 2ǫp ≫ ǫp − ǫp−k ≃ kVF
In this ase we obtain, after some simpliations
5
Π00 (ω,k) =
1
8π3
[
a2k2
ω2 − a2k2
∫
d3p
∆2pˇ
ǫp
(
ǫ2p − a2k2/4
)
+k2
∫
d3p
∆2pˇ
ǫp
(
ω2 − 4ǫ2p
) ( p2
3M2ǫ2p
− a
2
ǫ2p − a2k2/4
)]
.
with a2 = V 2F /3.
Inserting this into Eq. (34) gives
Γ˜0 (p−K, p) = Γ
0 (p−K, p)
1 + χ (K)
(36)
4
The solution to the equation 1 + VC (k)Π
00 (K) = 0 determines the new dispersion law
ω = ω (k) for the olletive exitations, whih represents plasma waves [12℄.
5
An analogous expression has been obtained in [12℄ for the ase of singlet pairing of ele-
trons.
9
with
χ (K) =
e2
8π3
[
a2
ω2 − a2k2
∫
d3p
∆2pˇ
ǫp
(
ǫ2p − a2k2/4
)
+
∫
d3p
∆2pˇ
ǫp
(
ω2 − 4ǫ2p
) ( p2
3M2ǫ2p
− a
2
ǫ2p − a2k2/4
)]
. (37)
5 Energy losses in the vetor hannel
5.1 Neutral baryons
Having at hand the eetive vertex and the wave funtions of quasi-partiles
and holes, we an evaluate the matrix element of the vetor weak urrent. In
the partile-hole piture, the reation and reombination of two quasi-partiles
is desribed by the o-diagonal matrix elements of the Hamiltonian, whih or-
responds to quasi-partile transitions into a hole (and a orrelated pair). Thus,
we alulate the matrix element of the urrent between the initial (positive-
frequeny) state of a quasi-partile with momentum p and the nal (negative-
frequeny) state with the same momentum p.
Mµ =
〈
Ψ†−p,−σ |Γµ|Ψp,σ
〉
Let us onsider separately the ontributions from the bare vertex, given by
the rst terms in Eq. (29), and the olletive part, given by the seond term,
so that Mµ =Mbareµ +Mcollµ .
Making use of the wave funtions desribed by Eqs. (22), (24) and using the
identity (16), for µ = 0, we nd
Mbare0 = − (upvp′ + vpup′) ≃ −
∆pˇ
ǫp
, k ≪ p ≃ pF (38)
Mcoll0 = 2∆pˇ
ω
ω2 − a2k2 (upup′ + vpvp′) ≃ 2∆pˇ
ω
ω2 − a2k2 .
with ǫp + ǫp′ = ω and p+ p
′ = k.
The veloity of the olletive mode a2 = V 2F /3 is small in the nonrelativisti
system. Therefore, we expand the olletive ontribution in this parameter to
obtain
Mcoll0 ≃
∆pˇ
ǫp
(
1 +
1
3
V 2F
k2
ω2
)
(39)
The ontribution of the bare vertex Mbare0 reprodues the matrix element
(3) derived by Flowers et al. [1℄ and Yakovlev et al. [3℄. However, the olletive
orretion modies this ruially. In the sum of the two ontributions, the
leading terms mutually anel, yielding the matrix element
M0 =Mbare0 +Mcoll0 ≃
1
3
V 2F
k2
ω2
∆pˇ
ǫp
whih is at least ∼ V 2F times smaller than the bare result.
The above anellation of the ontribution of "bare" vertex is not aiden-
tal. This part of the matrix element, whih remains nite at zero transferred
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momentum, annot be restored with taking into aount of more ompliated
orretions to the vertex part. It is well-known that, for any proess involving
interations, the perturbation diagrams an be grouped into gauge invariant
subsets, suh that the invariane is maintained by eah subset taken as a whole.
If any new subset of the diagrams is added to the vertex part, the same should
also be inorporated into the quasi-partile self-energy. If this is arefully done,
for k → 0, one must obtain the exat anellation of the ontribution of the
"bare" vertex. Indeed, Ψ+ (r, t) Ψ (r, t) represents the operator of baryon harge
density. If the ground state |0〉 is an eigenstate of the baryon harge operator
for the system with N partiles, and |n > is a state for the system with N + 2
partiles, the matrix element∫
〈0|Ψ+B (r, t)ΨB (r, t) |n〉 eikr−iωtd3rdt
should vanish for k → 0, beause the above expression is an o-diagonal matrix
element of the total harge operator Q. This implies that, for k ≪ pF , the
matrix element should be proportional to some power of k.
The spatial omponent of the longitudinal (with respet to k) omponent
of the matrix element an be obtained from Eq. (31). Sine kˇΓ =(ω/k) Γ0 we
have
M‖ ≃ 1
3
V 2F
k
ω
∆pˇ
ǫp
.
In the above, kˇ = k/k is a unit vetor direted along the transferred momentum.
Sine the olletive interation modies only the longitudinal part of the
vertex, the transverse part of the matrix element an be evaluated diretly from
the bare vertex (25). This yields
M⊥ ≃ (vpup′ − upvp′) p⊥
M∗
≃ −1
2
V 2F
k∆pˇ
ǫ2p
(
kˇpˇ
)
pˇ⊥.
The rate of the proess is proportional to the square of the matrix element.
This means that the vetor urrent ontribution to the neutrino energy losses is
V 4F times smaller than estimated before. The orresponding neutrino emissivity
in the vetor hannel an be evaluated with the aid of Fermi's golden rule:
QV =
(
GF
2
√
2
)2
C2V
(2π)
8Nν
∫
d3pd3p′f (ǫp) f (ǫp′)
×
∫
d3k1
2ω1
d3k2
2ω2
ωTr (lµl
∗
ν)MµMνδ (p+ p′ − k) δ (ǫp + ǫp′ − ω) .
One an simplify this equation by inserting
∫
d4K δ(4) (K − k1 − k2) = 1. Then,
the phase-spae integrals for neutrinos are readily done with the aid of Lenard's
formula ∫
d3k1
2ω1
d3k2
2ω2
δ(4) (K − k1 − k2)Tr (jµjν∗)
=
4π
3
(
KµKν −K2gµν
)
Θ
(
K2
)
Θ(ω) ,
where Θ(x) is the Heaviside step funtion.
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For k ≪ pF we obtain
QV =
4π
3
(
GF
2
√
2
)2
C2V
(2π)
8Nν
∫
d3pf2 (ǫp)
∫ ∞
0
dωω
∫ ω
0
dkk2dΩk
×
(
(KµMµ)2 −K2MµMµ
)
δ (2ǫp − ω) .
The next integrations are trivial. We get
QV =
592
42 525π5
V 4FG
2
FC
2
V pFM
∗T 7y2
∫ ∞
0
z4dx
(ez + 1)2
This is to be ompared with Eq. (4). We see that
QV
QFRS (1S0)
=
148
2835
V 4F
i.e. the neutrino radiation via the vetor weak urrents in the nonrelativisti
system (VF ≪ 1) is suppressed by several orders of magnitude with respet to
the preditions of Flowers et al. [1℄.
5.2 Charged baryons
If the paired baryons arry an eletri harge, the eetive vetor vertex is given
by Eqs. (36), (29) and (37). We are interested in the ase ω > 2∆pˇ and k < ω.
Sine a ≪ 1 and p ≃ pF , the seond integral in Eq. (37) may be dropped. By
negleting also the small ontributions from a2k2 ≪ ǫ2p, ω2 we get
χ (K) = e2
a2
ω2
∫
∆2pˇ
ǫ3p
d3p
(2π)
3 =
1
ω2
e2n
M∗
∫
dΩp
4π
∫ ∞
0
∆2pˇ
ǫ3p
dξ
where n is the number of baryons per unit volume. Sine
∫
dΩp
4π
∫ ∞
0
∆2pˇ
ǫ3
dξ =
∫
dΩp
4π
∫ ∞
∆
∆2pˇ
ǫ2
1√
ǫ2 −∆2pˇ
dǫ
=
∫
dΩp
4π
∫ ∞
1
1
x2
1√
x2 − 1dx = 1
we obtain
χ (K) =
ω2p
ω2
, ω2p =
e2n
M∗
This agrees with the plasma frequeny for a free gas of harged partiles.
The energy exhange in the medium goes naturally as the temperature sale.
Therefore, the energy transferred to the radiated neutrino-pair is ω ∼ T ≤
Tc, while the plasma frequeny ωp is typially muh larger than the ritial
temperature for Cooper pairing. For instane, for a number density n of the
order of the nulear saturation density n0 ≃ 0.17 fm and the eetive mass of
the baryon M∗ of the order of the bare nuleon mass, we obtain ωp ∼ 10 MeV ,
while the ritial temperature for baryon pairing is about 1 MeV or less. Under
these onditions, we obtain
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Γ˜0 (p−K, p) ≃ ω
2
ω2p
Γ0 (p−K, p) ∼ T
2
c
ω2p
Γ0 (p−K, p)
Thus, in superondutors, the vetor urrent ontribution to the neutrino radia-
tion is suppressed additionally by a fator
(
T 2c /ω
2
p
)2
: this is the plasma sreening
eet. The total suppression fator, due to both the urrent onservation and
the plasma eets, is of the order
(
T 2c /ω
2
p
)2
V 4F . 10
−6.
6 Energy losses in the axial hannel
The neutrino energy losses in the axial hannel an also be obtained with the aid
of Fermi's golden rule. After integration over the phase spae of partiipating
partiles, this yields (see details in [3℄):
QA = C
2
A
4G2F pFM
∗
15π5
NνT 7RA, RA = C
2
A
8π
∫
dΩ
∫ ∞
0
dx
z6dx
(ez + 1)2
I. (40)
Here Nν = 3 is the number of neutrino avors, z =
√
x2 +∆2pˇ/T
2
, and the
outer integration is performed over the orientations of the nuleon momentum
p. The matrix elements of the axial urrent
A (pˇ, η)≡
〈
Ψ†−p,−η′
∣∣∣Aˆ∣∣∣Ψp,η〉
ome into this expression under the ombination
I = Ixx + Iyy + Izz (41)
with
Iii =
∑
ηη′
Ai (pˇ, η)A
∗
i (pˇ, η
′)
The olletive mode onsidered in previous setions represents density os-
illations of the ondensate, and does not inuene the axial weak vertex of a
quasi-partile, if the average spin projetion of the bound pair is zero. This
happens in the singlet-state pairing and in triplet pairing with total momentum
projetion mj = 0. In these ases, the axial vertex may be taken in its bare
form Abarei = Σˆi, where the spin operator
Σˆi = σˆiτˆ3 ≡
(
σˆi 0
0 −σˆi
)
, (42)
with σˆi = (σˆx, σˆy, σˆz) being the Pauli spin matries, is dened aording to the
relation
ΣˆzΨp,η = ηΨp,η,
where
Ψp,η =
(
upχη
vpχ−η
)
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is the eigenstate with spin projetion sz = η/2 = ±1/2 along the Z-axis.
A diret evaluation of the matrix elements of the bare axial vertex (42) for
a quasi-partile transition into a hole by making use of the wave funtions (22),
(24) gives I = 0 in the ase of singlet pairing. For triplet pairing with mj = 0
we obtain
Ixx = Iyy =
∆2pˇ
ǫ2p
(1− cos 2ϕ) , Izz = 2
∆2pˇ
ǫ2p
whih, after averaging over the azimuthal angle ϕ of the quasi-partile momen-
tum p, gives
I = 4
∆2pˇ
ǫ2p
. (43)
This onrms the orresponding result obtained in [3℄.
In the ase of a triplet-state pairing with maximal momentum projetion
|mj | = 2, we obtain a dierent result. In this ase, the spin projetion of the
Cooper pair is onserved, and olletive density osillations of the ondensate
are aompanied by osillations of the spin density, i.e. by the axial urrent.
The orresponding gap matrix of the quasi-partiles has the form Dˆ = ∆pˇΥˆ (pˇ)
with [15℄
Υˆ (pˇ) =
( −eiϕ 0
0 e−iϕ
)
= −σˆz cosϕ− i sinϕ.
Therefore, the operator Σˆz ommutes with the quasi-partile Hamiltonian H0 =
ξpτˆ3 + Λˆ (pˇ), where Λˆ is given by Eq. (8). This modies the z-omponent of
the axial vertex, whih should be found from the equation
Aˆz (p−K, p) = τˆ3σˆz + i
∫
d4p′
(2π)
4 τˆ3 G (p
′ −K) Aˆz (p′ −K, p′) G (p′) τˆ3Vpp′ .
After multipliation of this equation by σˆz from the right-hand side, and intro-
duing the new funtion
Bˆ ≡ Aˆz (p−K, p) σˆz (44)
we arrive to the following equation
Bˆ (p−K, p) = τˆ3 + i
∫
d4p′
(2π)
4 τˆ3 G (p
′ −K) Bˆ (p′ −K, p′) σˆz G (p′) σˆz τˆ3Vpp′ .
By using the fat that σˆz ommutes with G(p
′), one an redue this equation
to the form
Bˆ (p−K, p) = τˆ3 + i
∫
d4p′
(2π)
4 τˆ3 G (p
′ −K) Bˆ (p′ −K, p′) G (p′) τˆ3Vpp′
whih is idential to Eq. (27) for µ = 0. Then, the solution has a form analogous
to Eq. (29). We obtain
Bˆ (p−K, p) = τˆ3 − 2τˆ3Λˆ (pˇ) ω
ω2 − a2k2 .
From Eq. (44) we nd
Aˆz (p−K, p) = τˆ3σˆz − 2τˆ3Λˆ (pˇ) σˆz ω
ω2 − a2k2 ,
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or, in an expliit form:
Aˆz (p−K, p) =
(
σˆz 0
0 −σˆz
)
− 2
(
0 σˆzΥˆ
−σˆzΥˆ† 0
)
ω∆pˇ
ω2 − a2k2 .
The transverse omponents of the axial vertex are not modied
Aˆx = τˆ3σˆx =
(
σˆx 0
0 −σˆx
)
, Aˆy = τˆ3σˆy =
(
σˆy 0
0 −σˆy
)
.
Diret evaluation of the matrix elements for k ≪ pF gives, in this ase:
Az (pˇ, η) ≃ −η
(
∆pˇ
ǫp
− 2∆pˇω
ω2 − a2k2
)
δ−η′,η ≃ 1
3
ηV 2F
k2
ω2
∆pˇ
ǫp
δ−η′,η,
Ax (pˇ, η) = −∆pˇ
2ǫp
(
1− e2ηiϕ) δη,η′ ,
Ay (pˇ, η) = −∆pˇ
2ǫp
i
(
1− e2ηiϕ) δη,η′ (δ↑,η − δ↓,η) .
Due to the ontribution of the olletive mode, the matrix element Az is V
2
F
times smaller than Ax and Ay and, thus, an be negleted. After averaging over
the azimuthal angle ϕ of the quasi-partile momentum, we obtain
I ≃ Ixx + Iyy = 2
∆2pˇ
ǫ2p
. (45)
Thus, in the ase of
3P2 pairing with total momentum projetion |mj | = 2,
the value of I, given by Eq. (45), is twie smaller, and the neutrino energy
losses are proportionally suppressed.
7 Disussion and onlusions
We have onsidered the problem of onservation of the vetor weak urrent
in the theory of neutrino-pair radiation from Cooper pairing in neutron stars.
The orretion to the vetor weak vertex is alulated within the same order
of approximation as the quasi-partile propagator is modied by the pairing
interation in the system. This orretion restores the onservation of the vetor
weak urrent in the quasi-partile transition into the paired state. As a result,
in the nonrelativisti baryon system, the matrix element of the vetor urrent is
V 2F times smaller than previous estimations. This means that the vetor weak
urrent ontribution to neutrino radiation aused by Cooper paring is V 4F times
smaller than it was thought before. The vetor weak urrent ontribution from
pairing of harged baryons is suppressed additionally by a fator ∼ (T 2c /ω2p)2
due to plasma sreening. The total suppression fator due to both the urrent
onservation and the plasma eets is of the order(
T 2c /ω
2
p
)2
V 4F . 10
−6.
In papers [16℄, [17℄, a speial ase of proton pairing has been onsidered
whih aounts for eletron-proton orrelations, resulting in an inreasing of the
15
neutrino emissivity. This, however, takes plae only beause of a very small weak
vetor oupling onstant of the proton with respet to that for the eletron. In
our alulations, inorporation of the eletron-proton orrelations would result
in the replaement of the vetor weak oupling onstant of the proton by a
form-fator, whih is proportional (to the leading order) to the eletron oupling
onstant. This ould enlarge the eetive proton vetor weak oupling to almost
the same order of magnitude as that for neutrons. However, the anellation of
the temporal omponent of the transition urrent due to urrent onservation
is muh more stronger, and makes negligible the neutrino emission from the
proton pairing even with taking into aount the eletron-proton orrelations.
Thus, the neutrino energy losses due to singlet-state pairing of baryons an,
in pratie, be negleted in simulations of neutron star ooling. This makes
unimportant the neutrino radiation from pairing of protons or hyperons.
The neutrino radiation from triplet pairing ours through the axial weak
urrents. In the ase of
3P2 pairing with total momentum projetion mj = 0,
the orresponding neutrino emissivity is given by
Q (mj = 0) = C
2
A
8G2F pFM
∗
15π5
NνT 7Ft, (46)
with
Ft =
1
4π
∫
dΩ y2
∫ ∞
0
dx
(
x2 + y2
)2(
e
√
x2+y2 + 1
)2 . (47)
This formula an be obtained diretly from the orresponding expression sug-
gested in [3℄ by omitting the ontribution proportional to the vetor weak ou-
pling onstant C2V . As a result, the orresponding neutrino energy losses are
suppressed by about 25%
Q (mj = 0)
QYKL (mj = 0)
=
2C2A
C2V + 2C
2
A
=
3.17
4.17
with respet to those alulated in [3℄.
In the ase of
3P2 pairing with total momentum projetion |mj | = 2, the
neutrino energy losses in the axial hannel are additionally suppressed due to
the olletive ontribution of the spin-density utuations in the ondensate:
Q (|mj | = 2) = C2A
4G2F pFM
∗
15π5
NνT 7Ft. (48)
Together with the vanishing of the vetor ontribution, the total suppression of
the neutrino emissivity with respet to that obtained in [3℄ is about 3 times
Q (|mj | = 2)
QYKL (|mj | = 2) =
C2A
C2V + 2C
2
A
=
1.58
4.17
.
In this paper, we have onsidered the neutrino radiation from Cooper pair-
ing in nonrelativisti baryon matter. It is lear from the above onsideration,
however, that onservation of the vetor weak urrent has to be restored also
in the theory of neutrino radiation from pairing of relativisti quarks [4℄. This
will be done in a future work.
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